In this article, a multi-product inventory routing problem is studied. One-depot and many retailers in a finite time period are considered, and split delivery is allowed as well for the addressed problem. The objective is to minimize the overall cost including vehicle cost, inventory holding cost and transportation cost while the delivery schedule and the quantity of each product for each retailer have to be decided simultaneously. A mathematical model is presented for solving the addressed optimally and example is illustrated as well.
Introduction
Transportation and inventory costs are the two main components of a supply chain. Both transportation and inventory costs ought to be considered concurrently in the logistic planning functions as these two areas might lead to significant gains and more competitive distribution strategies (Moin et al. 2011 ). Although this is a well known fact that approaches for supply chain optimization usually consider inventory control and transportation independently, the interrelationship between these two components is always ignored. The coordination of these two drivers, often known as the inventory routing problems (IRPs), is critical in improving the supply chain management (SCM). IRP has been studied for the last decades, for the single item IRP such as [2] 
Problem Description and Assumption
Consider one distribution center (DC, as the depot) and many customers in a supply chain system. The DC is responsible to deliver different products to meet the demands in each customer in finite time horizon without backorder. There are limited storage capacity shared by all the products in DC and customers. The manager of the supply chain in DC has full information of the inventory level and future demands of each customer. The holding cost happens in both sides. A homogeneous fleet of vehicles with limited capacity to deliver all the products and split delivery is allowed. The total cost includes holding cost, the fixed cost of vehicle using and flexible cost of traveling distances. The manager has to decide simultaneously the quantities of different products to deliver to each customer in the planning horizon, how many vehicles to use, and the route of each vehicle whereas minimizing the total cost.
To simplify the formulation for the proposed mixed integer programming (MIP) model, some assumptions are described as follows.
(1) The DC has sufficient inventory to meet all the demands.
(2) All the demands are deterministic. (6) There are sufficient vehicles to satisfy the routing decision. (7) The traveling distance matrix is symmetric and known.
Model Formulation

Notations
V: Set of nodes. 0 is the depot (DC); others are customers (retailers).
i, j: Indices of nodes. ,
p: Index of the product. P is the set of all products.
. p P ∈ k, h: Indices of the vehicle. K is the set of all vehicles. ,
Index of the time period. T is the set of all time periods.
. 
t T ∈
Model
The objective function (1) minimizes the total cost, including inventory cost, traveling distance cost and vehicle using cost. Constraints (2) and (3) ensure the inventory balance at depot and customers while constraints (4) define the maximum inventory capacity. Constraints (5) state the total shipping quantity of each customer is not over the remaining inventory capacity. Constraints (6) and (7) link the shipping quantity to the vehicle routing variables. Constraints (8) ensure the same vehicle arrives and leaves the customer served. Constraints (9) make sure each customer served by at least one vehicle receives its full planned shipment in each time period. Constraints (10) limit the delivery quantity to vehicle capacity while constraints (11) permit each customer to be served by more than one vehicle. Constraints (12) and (13) 
Example Illustration
For a MIRP problem, one distribution center and two customers (C1, C2) with two products (P1, P2) are considered. The planning horizon is 3 days. The inventory and demand information, and distance matrix are given in Table 1 and   Table 2 Unit cost of traveling distance is 1 while fixed cost of vehicle using is 5.
The addressed problem is solved by the Lingo 11. The total cost is obtained as 98.6, and the results are summarized in Table 3 and Table 4 , and the routes in each day are shown in Figure 1 as well. Table 3 . Delivery quantity for the addressed example. 
Conclusion
In this article, a mathematical model is proposed for solving MIRP problem with split delivery allowed. Although the proposed model can solve the addressed problem optimally, it is run time consuming with the problem scale increasing.
Therefore, some meta-heuristics such as genetic based algorithms, particle swarming can be applied in the future study for solving the large scale problem.
